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DERIVED KNO¨RRER PERIODICITY AND ORLOV’S THEOREM FOR
GAUGED LANDAU-GINZBURG MODELS
YUKI HIRANO
Abstract. We prove a Kno¨rrer periodicity type equivalence between derived factor-
ization categories of gauged LG models, which is an analogy of a theorem proved by
Shipman and Isik independently. As an application, we obtain a gauged LG version of
Orlov’s theorem describing a relationship between categories of graded matrix factor-
izations and derived categories of hypersurfaces in projective spaces, by combining the
above Kno¨rrer periodicity type equivalence and the theory of variations of GIT quotients
due to Ballard, Favero and Katzarkov.
1. Introduction
1.1. Backgrounds and motivations. When X is a scheme, G is an affine algebraic
group acting on X, χ : G → Gm is a character, and W : X → A
1 is a χ-semi invariant
regular function, we call data (X,χ,W )G a gauged Landau-Ginzburg (LG) model. Follow-
ing Positselski [Pos1], [EP], we consider the derived factorization category of (X,χ,W )G,
denoted by
DcohG(X,χ,W ).
Derived factorization categories are simultaneous generalizations of bounded derived cate-
gories of coherent sheaves on schemes, and of categories of (graded) matrix factorizations of
(homogeneous) polynomials. Orlov proved the following semi-orthogonal decompositions
between bounded derived categories of hypersurfaces in projective spaces and categories
of graded matrix factorizations [Orl3].
Theorem 1.1 ([Orl3] Theorem 40). Let X ⊂ PN−1k be the hypersurface defined by a
section f ∈ Γ(PN−1k ,O(d)). Denote by F the corresponding homogeneous polynomial.
(1) If d < N , there is a semi-orthogonal decomposition
Db(cohX) = 〈OX(d−N + 1), ...,OX ,DcohGm(A
N
k , χd, F )〉.
(2) If d = N , there is an equivalence
Db(cohX) ∼= DcohGm(A
N
k , χd, F ).
(3) If d > N , there is a semi-orthogonal decomposition
DcohGm(A
N
k , χd, F ) = 〈k, ..., k(N − d+ 1),D
b(cohX)〉.
While Orlov’s approach was algebraic, there are geometric approaches to the above
theorem [Shi], [BFK2], [BDFIK3], where a version of Kno¨rrer periodicity [Shi], [Isi] and
homological variations of GIT quotients [Seg], [H-L], [BFK2] are the main tools. Combi-
nations of Kno¨rrer periodicity and the theory of variations of GIT quotients also imply
homological projective dualities [BDFIK2], [ADS], [ST], [Ren].
In this article, we prove another version of Kno¨rrer periodicity [Kno¨], which is a derived
(or global) version, and we combine it with the theory of variations of GIT quotients by
[BFK2] to obtain a gauged LG version of Orlov’s theorem.
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1.2. Main results. Let k be an algebraically closed field of characteristic zero. Let X be
a smooth quasi-projective variety over k, and let G be a reductive affine algebraic group
acting on X. Let E be a G-equivariant locally free sheaf of finite rank, and choose a
G-invariant regular section s ∈ Γ(X, E∨)G. Denote by Z ⊂ X the zero scheme of s. Let
χ : G→ Gm be a character of G, and set E(χ) := E⊗O(χ), whereO(χ) is theG-equivariant
invertible sheaf corresponding to χ. Then E(χ) induces a vector bundle V(E(χ)) over X
with a G-action induced by the equivariant structure of E(χ). Let q : V(E(χ)) → X
and p : V(E(χ))|Z → Z be natural projections, and let i : V(E(χ))|Z → V(E(χ)) be
a natural inclusion. The regular section s induces a χ-semi invariant regular function
Qs : V(E(χ))→ A
1. The first main result in this paper is the following:
Theorem 1.2. Let W : X → A1 be a χ-semi invariant regular function, such that the
restricted function W |Z : Z → A
1 is flat. Then there is an equivalence
i∗p
∗ : DcohG(Z,χ,W |Z)
∼
−→ DcohG(V(E(χ)), χ, q
∗W +Qs).
The above result is an analogy of Shipman’s and Isik’s result, where they consider
the case when G = Gm, the G-action on X is trivial, χ = idGm , and W = 0 [Shi],
[Isi]. Furthermore, the above theorem can be considered as a generalization of Kno¨rrer
periodicity to a derived and G-equivariant version. The proof of the above theorem is quite
different from Shipman’s and Isik’s proofs, and we consider relative singularity categories
introduced in [EP], which are equivalent to derived factorization categories, and use results
in [Orl2].
To state the next result, let S be a smooth quasi-projective variety over k with a Gm-
action, and let W : S → A1 be a χ1 := idGm-semi invariant regular function which is flat.
Let d > 1 and N > 0 be positive integers, and consider Gm-actions on A
N
S := S×A
N
k and
on PN−1S := S × P
N−1
k given by
Gm × A
N
S ∋ t× (s, v1, ..., vN ) 7→ (t
d · s, tv1, ...tvN ) ∈ A
N
S
Gm × P
N−1
S ∋ t× (s, v1 : ... : vN ) 7→ (t · s, v1 : ... : vN ) ∈ P
N−1
S .
Denote by the same notation W : ANS → A
1 and W : PN−1S → A
1 the pull-backs of
W : S → A1 by the natural projections respectively. Combining the above derived Kno¨rrer
periodicity with the theory of variations of GIT quotients, we obtain the following gauged
LG version of the Orlov’s theorem:
Theorem 1.3. Let X ⊂ PN−1S be the hypersurface defined by a Gm-invariant section
f ∈ Γ(PN−1S ,O(d))
Gm , and assume that the morphism W : PN−1S → A
1 is flat on X.
Denote by F : ANS → A
1 the regular function induced by f .
(1) If d < N , there are fully faithful functors
Φ : DcohGm(A
N
S , χd,W + F )→ DcohGm(X,χ1,W )
Υ : DcohGm(S, χ1,W )→ DcohGm(X,χ1,W ),
and there is a semi-orthogonal decomposition
DcohGm(X,χ1,W ) = 〈Υd−N+1, ...,Υ0,Φ(DcohGm(A
N
S , χd,W + F ))〉,
where Υi denotes the essential image of the composition (−)⊗O(i) ◦Υ.
(2) If d = N , there is an equivalence
DcohGm(X,χ1,W )
∼= DcohGm(A
N
S , χd,W + F ).
(3) If d > N , there are fully faithful functors
Ψ : DcohGm(X,χ1,W )→ DcohGm(A
N
S , χd,W + F )
3Υ : DcohGm(S, χ1,W )→ DcohGm(A
N
S , χd,W + F ),
and there is a semi-orthogonal decomposition
DcohGm(A
N
S , χd,W + F ) = 〈Υ0, ...,ΥN−d+1,Ψ(DcohGm(X,χ1,W ))〉,
where Υi denotes the essential image of the composition (−)⊗O(χi) ◦Υ.
Since we have an equivalence
Db(cohX) ∼= DcohGm(X,χ1, 0),
where the Gm-action on X is trivial, we can view Orlov’s theorem as the case when
S = Speck and W = 0 in the above theorem.
1.3. Notation and conventions.
• For an integer n ∈ Z, we denote by χn : Gm → Gm the character of the 1-
dimensional algebraic torus Gm defined by
χn(t) := t
n.
• For a character χ : G → Gm of an algebraic group G, we denote by O(χ) the
G-equivariant invertible sheaf (OX , λ : π
∗OX
∼
−→ σ∗OX) associated to χ, where
π : G×X → X and σ : G×X → X are the projection and the morphism defining
the G-action respectively. For any g ∈ G, λg := λ|{g}×X : OX
∼
−→ g∗OX is given as
the composition
OX
χ(g)
−−→ OX
∼
−→ g∗OX
of the multiplication by χ(g) ∈ Gm and the natural isomorphism OX
∼
−→ g∗OX .
For a G-equivariant quasi-coherent sheaf F on a G-scheme, we set
F (χ) := F ⊗O(χ).
• Throughout this article, unless stated otherwise, all schemes and categories are
over an algebraically closed field k of characteristic zero.
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2. Derived factorization categories
In this section, we provide the definition of the derived factorization category, which is
introduced by Positselski (cf. [Pos1], [EP]), and its basic properties.
2.1. Derived factorization categories.
Definition 2.1. A gauged Landau-Ginzburg model, or gauged LG model, is data
(X,χ,W )G with X a scheme, χ : G→ Gm a character of G, G affine algebraic group acting
on X, and W : X → A1 χ-semi invariant regular function, i.e. W (g · x) = χ(g)W (x) for
any g ∈ G and any x ∈ X. If G is trivial, we denote the gauged LG model by (X,W ),
and call it Landau-Ginzburg model or LG model.
For a gauged LG model, we consider its factorizations which are
”
twisted” complexes.
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Definition 2.2. Let (X,χ,W )G be a gauged LG model. A factorization F of (X,χ,W )G
is a sequence
F =
(
F1
ϕF1−−→ F0
ϕF0−−→ F1(χ)
)
,
where Fi is a G-equivariant quasi-coherent sheaf on X and ϕ
F
i is a G-invariant homomor-
phism for i = 0, 1 such that ϕF0 ◦ ϕ
F
1 = W · idF1 and ϕ
F
1 (χ) ◦ ϕ
F
0 = W · idF0 . Equivariant
quasi-coherent sheaves F0 and F1 in the above sequence are called components of the
factorization F .
Definition 2.3. For a gauged LG model (X,χ,W )G, we define a dg category
QcohG(X,χ,W )
whose objects are factorizations of (X,χ,W )G, and whose complexes of morphisms are
defined as follows: For two objects E,F ∈ QcohG(X,χ,W ), we define the complex
Hom(E,F )• of morphisms from E to F as the following graded vector space
Hom(E,F )• :=
⊕
n∈Z
Hom(E,F )n
with a differential di : Hom(E,F )i → Hom(E,F )i+1 given by
di(f) := ϕF ◦ f − (−1)if ◦ ϕE
where
Hom(E,F )2m := Hom(E1, F1(χ
m))⊕Hom(E0, F0(χ
m))
Hom(E,F )2m+1 := Hom(E1, F0(χ
m))⊕Hom(E0, F1(χ
m+1)).
We define dg full subcategories cohG(X,χ,W ), InjG(X,χ,W ), LFrG(X,χ,W ), and
lfrG(X,χ,W ) of QcohG(X,χ,W ) whose objects are factorizations whose components are
coherent, injective quasi-coherent, locally free, and locally free of finite ranks respectively.
If G is trivial, dropping G and χ from each notation, we denote the dg categories by
Qcoh(X,W ), coh(X,W ), etc.
The dg category QcohG(X,χ,W ) induces two categories
Z0(QcohG(X,χ,W ))
H0(QcohG(X,χ,W )).
Objects of these categories are same as objects of QcohG(X,χ,W ), and sets of morphisms
are defined as
HomZ0(QcohG(X,χ,W ))(E,F ) := Z
0(Hom(E,F )•) = Ker(d0)
HomH0(QcohG(X,χ,W ))(E,F ) := H
0(Hom(E,F )•) = Ker(d0)/Im(d−1).
Remark 2.4. We can write down the above sets of morphisms as follows:
HomZ0(QcohG(X,χ,W ))(E,F ) is the set of pairs (f1, f0) such that fi ∈ HomQcohGX(Ei, Fi)
and that the following diagram is commutative
E1
ϕE1 //
f1

E0
ϕE0 //
f0

E1(χ)
f1(χ)

F1
ϕF1 // F0
ϕF0 // F1(χ).
The set of morphisms in the category H0(QcohG(X,χ,W )) can be described as the set
of homotopy equivalence (denoted by ∼) classes in HomZ0(QcohG(X,χ,W ))(E,F ),
HomH0(QcohG(X,χ,W ))(E,F ) = HomZ0(QcohG(X,χ,W ))(E,F )/ ∼,
5where two morphisms f = (f1, f0) and g = (g1, g0) in HomZ0(QcohG(X,χ,W ))(E,F ) are
homotopy equivalent if there exist two morphisms
h0 : E0 → F1 and h1 : E1(χ)→ F0
such that f0 = ϕ
F
1 h0 + h1ϕ
E
0 and f1(χ) = ϕ
F
0 h1 + h0(χ)ϕ
E
1 (χ).
We easily see the following result (cf. [Hir, Proposition 3.5]).
Proposition 2.5. The categories Z0(QcohG(X,χ,W )) and Z
0(cohG(X,χ,W )) are abelian,
and the categories Z0(LFrG(X,χ,W )) and Z
0(lfrG(X,χ,W )) are exact.
We next define the totalizations of bounded complexes of factorizations.
Definition 2.6. Let F • = (· · · → F i
δi
−→ F i+1 → · · ·) be a bounded complex of
Z0(QcohG(X,χ,W )). For l = 0, 1, set
Tl :=
⊕
i+j=−l
F i
j
(χ⌈j/2⌉),
and let
tl : Tl → Tl+1
be a G-invariant homomorphism given by
tl|F i
j
(χ⌈j/2⌉) := δ
i
j
(χ⌈j/2⌉) + (−1)iϕF
i
j
(χ⌈j/2⌉),
where n is n modulo 2, and ⌈m⌉ is the minimum integer which is greater than or equal to
a real number m. We define the totalization Tot(F •) ∈ Z0(QcohG(X,χ,W )) of F
• as
Tot(F •) :=
(
T1
t1−→ T0
t0−→ T1(χ)
)
.
In what follows, we will recall that the category H0(QcohG(X,χ,W )) has a structure
of a triangulated category.
Definition 2.7. We define an automorphism T on H0(QcohG(X,χ,W )), which is called
shift functor, as follows. For an object F ∈ H0(QcohG(X,χ,W )), we define an object
T (F ) as
T (F ) :=
(
F0
−ϕF0−−−→ F1(χ)
−ϕF1 (χ)−−−−−→ F0(χ)
)
and for a morphism f = (f1, f0) ∈ Hom(E,F ), we set T (f) := (f0, f1(χ)) ∈ Hom(T (E), T (F )).
For any integer n ∈ Z, denote by (−)[n] the functor T n(−).
Definition 2.8. Let f : E → F be a morphism in Z0(QcohG(X,χ,W )). We define its
mapping cone Cone(f) to be the totalization of the complex
(· · · → 0→ E
f
−→ F → 0→ · · ·)
with F in degree zero.
A distinguished triangle is a sequence in H0(QcohG(X,χ,W )) which is isomorphic
to a sequence of the form
E
f
−→ F
i
−→ Cone(f)
p
−→ E[1],
where i and p are natural injection and projection respectively.
The following is well-known.
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Proposition 2.9. H0(QcohG(X,χ,W )) is a triangulated category with respect to its shift
functor and its distinguished triangles defined above. Full subcategories H0(cohG(X,χ,W )),
H0(InjG(X,χ,W )), H
0(LFrG(X,χ,W )), and H
0(lfrG(X,χ,W )) are full triangulated sub-
categories.
Following Positselski ([Pos1], [EP]), we define derived factorization categories.
Definition 2.10. Denote by Acycl(cohG(X,χ,W )) the smallest thick subcategory of
H0(cohG(X,χ,W )) containing all totalizations of short exact sequences in Z
0(cohG(X,χ,W )).
We define the derived factorization category of (X,χ,W )G as the Verdier quotient
DcohG(X,χ,W ) := H
0(cohG(X,χ,W ))/Acycl(cohG(X,χ,W )).
Similarly, consider thick full subcategories Acycl(QcohG(X,χ,W )), Acycl(LFrG(X,χ,W ))
and Acycl(lfrG(X,χ,W )) ofH
0(QcohG(X,χ,W )), H
0(LFrG(X,χ,W )), andH
0(lfrG(X,χ,W ))
respectively, and denote the corresponding Verdier quotients by
DQcohG(X,χ,W ) := H
0(QcohG(X,χ,W ))/Acycl(QcohG(X,χ,W ))
DLFrG(X,χ,W ) := H
0(LFrG(X,χ,W ))/Acycl(LFrG(X,χ,W ))
DlfrG(X,χ,W ) := H
0(lfrG(X,χ,W ))/Acycl(lfrG(X,χ,W )).
Objects in Acycl(QcohG(X,χ,W )) are called acyclic.
Denote by Acyclco(QcohG(X,χ,W )) (resp. Acycl
co(LFrG(X,χ,W ))) the smallest thick
subcategory of the triangulated category H0(QcohG(X,χ,W )) (resp. H
0(LFrG(X,χ,W )))
which is closed under taking small direct sums and contain all totalizations of short ex-
act sequences in Z0(QcohG(X,χ,W )) (resp. Z
0(LFrG(X,χ,W ))). Denote the Verdier
quotients by
DcoQcohG(X,χ,W ) := H
0(QcohG(X,χ,W ))/Acycl
co(QcohG(X,χ,W ))
DcoLFrG(X,χ,W ) := H
0(LFrG(X,χ,W ))/Acycl
co(LFrG(X,χ,W )).
Objects in Acyclco(QcohG(X,χ,W )) are called coacyclic.
If G is trivial, we drop G and χ from the above notation, and denote each triangulated
categories by Dcoh(X,W ), DQcohco(X,W ), etc.
Remark 2.11. If X is a regular Noetherian scheme of finite Krull dimension, then
Acycl(QcohG(X,χ,W )) is cocomplete, i.e. admits arbitrary direct sums (cf. [LS, Corollary
2.23]). Hence, in that case, we have
DcoQcohG(X,χ,W ) = DQcohG(X,χ,W ).
The following lemmas ensure the existence of derived functors between derived factor-
ization categories.
Lemma 2.12. Assume that the scheme X is Noetherian. The natural functor
H0(InjG(X,χ,W ))→ D
coQcohG(X,χ,W )
is an equivalence.
Proof. Since the abelian category QcohGX of G-equivariant quasi-coherent sheaves is a
locally Noetherian Grothendieck category, it has enough injective objects, and coproducts
of injective objects are injective. Hence the result follows from [BDFIK1, Cororally 2.25].

7Lemma 2.13 ([BFK1] Proposition 3.14). Assume that X is a smooth variety. Then the
natural functor
DLFrG(X,χ,W )→ DQcohG(X,χ,W )
is an equivalence. This equivalence induces an equivalence
DlfrG(X,χ,W )→ DcohG(X,χ,W ).
2.2. Derived categories and derived factorization categories. In this section, we
recall that derived factorization categories are generalizations of bounded derived cate-
gories of coherent sheaves on schemes.
Consider trivial Gm-action on a scheme X and an exact functor between abelian cate-
gories
Υ : Ch(QcohX)→ Z0(QcohGm(X,χ1, 0))
given by
Υ(F •, d•F ) :=
(⊕
i∈Z
F 2i−1(χ−i)
⊕d2i−1F (χ−i)−−−−−−−−→
⊕
i∈Z
F 2i(χ−i)
⊕d2iF (χ−i)−−−−−−→
⊕
i∈Z
F 2i−1(χ−i+1)
)
.
Then it is easy to see that the exact functor Υ is an equivalence, and it induces an
equivalence between triangulated categories:
Υ : K(QcohX)→ H0(QcohGm(X,χ1, 0))
Since the triangulated equivalence preserves coacyclic objects, we obtain the following:
Proposition 2.14. There is an equivalence
Υ : Dco(QcohX)
∼
−→ DcoQcohGm(X,χ1, 0)),
which induces an equivalence between full subcategories
Υ : Db(cohX)
∼
−→ DcohGm(X,χ1, 0)).
Remark 2.15. See [Pos2, Appendix A] for the definition and basic properties of coderived
categories. By [Pos2, Theorem 5.9.1.(b)], if X is Noetherian, the thick subcategory
Db(cohX) of Dco(QcohX) is the full subcategory of compact objects. However, when
X is a singular variety, there is an object in Db(cohX) which is not compact in the usual
derived category D(QcohX). This is a remarkable difference between the usual derived
category and the coderived category. On the other hand, if X is a smooth variety, these
two kinds of derived categories are equivalent (see argument in the proof of [Pos2, Theorem
5.5.1.(c)]).
2.3. Derived functors between derived factorization categories. We quickly re-
view derived functors between derived factorization categories. See, for example, [LS],
[BFK1] or [Hir] for more details.
2.3.1. Direct images and inverse images.
Let X and Y be Noetherian schemes, and let G be an affine algebraic group acting on
X and Y . Let f : X → Y be a G-equivariant morphism, and choose a χ-semi invariant
function W : Y → A1.
The morphism f naturally induces a dg functor
f∗ : QcohG(X,χ, f
∗W )→ QcohG(Y, χ,W )
defined by
f∗F :=
(
f∗(F1)
f∗(ϕF1 )−−−−→ f∗(F0)
f∗(ϕF0 )−−−−→ f∗(F1)(χ)
)
.
By Lemma 2.12, we can derive the dg functor f∗ to obtain an exact functor
Rf∗ : D
coQcohG(X,χ, f
∗W )→ DcoQcohG(Y, χ,W ).
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If f is proper morphism, it preserves factorizations whose components are coherent sheaves;
Rf∗ : DcohG(X,χ, f
∗W )→ DcohG(Y, χ,W ).
The morphism f also induces another dg functor
f∗ : QcohG(Y, χ,W )→ QcohG(X,χ, f
∗W ),
defined by
f∗E :=
(
f∗(E1)
f∗(ϕE1 )−−−−→ f∗(E0)
f∗(ϕE0 )−−−−→ f∗(E1)(χ)
)
.
If Y is a smooth variety, by Lemma 2.13, we have the derived functor of f∗
Lf∗ : DQcohG(Y, χ,W )→ D
coQcohG(X,χ, f
∗W ).
This functor maps coherent factorizations to coherent factorizations;
Lf∗ : DcohG(Y, χ,W )→ DcohG(X,χ, f
∗W ).
It is standard that the direct image Rf∗ and the inverse image Lf
∗ are adjoint.
Remark 2.16. If f is an affine morphism, we don’t need to take the derived functor, and
the dg functor f∗ naturally defines an exact functor
f∗ : D
coQcohG(X,χ, f
∗W )→ DcoQcohG(Y, χ,W ).
Similarly, if f is a flat morphism, we don’t have to assume that Y is a smooth variety and
take the derived functor, and the dg functor f∗ naturally defines an exact functor
f∗ : DcoQcohG(Y, χ,W )→ D
coQcohG(X,χ, f
∗W ).
2.3.2. Tensor products.
Let (X,χ,W )G be a gauged LG model, and let V : X → A1 be another χ-semi invariant
regular function. Fix an object F ∈ QcohG(X,χ, V ). We define a dg functor
(−)⊗ F : QcohG(X,χ,W )→ QcohG(X,χ,W + V )
given by
E ⊗ F :=
(⊕
i=0,1
(Fi ⊗ Ei+1)
ϕE⊗F1−−−−→
⊕
i=0,1
(Fi ⊗ Ei)(χ
i)
ϕE⊗F0−−−−→
⊕
i=0,1
(Fi ⊗ Ei+1)(χ)
)
,
where n is n modulo 2, and
ϕE⊗F1 =
(
ϕE1 ⊗ 1 1⊗ ϕ
F
1
−1⊗ ϕF0 ϕ
E
0 ⊗ 1
)
and
ϕE⊗F0 =
(
ϕE0 ⊗ 1 −(1⊗ ϕ
F
1 )(χ)
1⊗ ϕF0 (ϕ
E
1 ⊗ 1)(χ)
)
.
By Lemma 2.13, if X is a smooth variety, we have the derived functor
(−)⊗L F : DQcohG(X,χ,W )→ DQcohG(X,χ,W + V ).
If F is a coherent factorization, this functor preserves coherent factorizations;
(−)⊗L F : DcohG(X,χ,W )→ DcohG(X,χ,W + V ).
Consider a natural exact functor between abelian categories
τ : QcohG(X)→ Z
0(QcohG(X,χ, 0))
defined by
τ(F ) :=
(
0→ F → 0
)
.
9Then we denote by Σ the following composition of functors
Σ : Db(QcohGX)
τ
−→ Db(Z0(QcohG(X,χ, 0)))
Tot
−−→ DQcohG(X,χ, 0).
For a complex F • ∈ Db(QcohGX), we define the tensor product
(−)⊗L F • : DQcohG(X,χ,W )→ DQcohG(X,χ,W )
by the following
(−)⊗L F • := (−)⊗L Σ(F •).
Remark 2.17. If the components of F are flat sheaves, we don’t have to assume that X
is a smooth variety and take the derived functor, and the dg functor (−) ⊗ F induces an
exact functor
(−)⊗ F : DcoQcohG(X,χ,W )→ D
coQcohG(X,χ,W + V ).
Furthermore, if F is a coherent factorization, the tensor product preserves coherent fac-
torizations;
(−)⊗ F : DcohG(X,χ,W )→ DcohG(X,χ,W + V ).
2.3.3. Integral functors.
We define integral functors between derived factorization categories. For simplicity,
we consider the case when G is trivial. Let X1 and X2 be Gorenstein quasi-projective
schemes, and let Wi : Xi → A
1 be a regular function. We denote the projection by
πi : X1 ×X2 → Xi for each i = 1, 2.
In order to define integral functors, we need the following lemma:
Lemma 2.18 ([EP] Corollary 2.3.e and 2.4.a). Let (X,W ) be a LG model. Assume that
the scheme X is a Gorenstein separated scheme of finite Krull dimension with an ample
line bundle. Then the functor
DcoLFr(X,W )→ DcoQcoh(X,W )
induced by the embedding of dg functor LFr(X,W )→ Qcoh(X,W ) is an equivalence.
Now we define integral functors. Let P ∈ DcoQcoh(X1×X2, π
∗
2W −π
∗
1W ) be an object.
Since X1 and X2 are Gorenstein, so is X1 ×X2 (cf. [TY]). By the above lemma, we have
the derived tensor product
(−)⊗L P : DcoQcoh(X1 ×X2, π
∗
1W )→ D
coQcoh(X1 ×X2, π
∗
2W ).
Definition 2.19. For an object P ∈ DcoQcoh(X1 × X2, π
∗
2W − π
∗
1W ), we define the
integral functor with respect to P , denoted by ΦP , as the following functor
Rπ2∗(π
∗
1(−)⊗
L P ) : DcoQcoh(X1,W1)→ D
coQcoh(X2,W2).
We call the object P the kernel of the integral functor ΦP .
In the following, we recall that the composition of integral functors is also an integral
functor. Let X3 be another Gorenstein quasi-projective scheme, and let W3 : X3 → A
1 be
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a regular function. Consider the following diagram
X1 ×X2
π1
tt❥❥❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
π2
**❚❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚
X1 X2
X1 ×X2 ×X3
π12
OO
π13
tt❥❥❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥
π23
**❚❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
X1 ×X3
q1
OO
q3
**❚❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚
X2 ×X3
p2
OO
p3
tt❥❥❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
X3
where all morphisms are projections. For two objects
P ∈ DcoQcoh(X1 ×X2, π
∗
2W2 − π
∗
1W1)
Q ∈ DcoQcoh(X2 ×X3, p
∗
3W3 − p
∗
2W2),
we define another object
P ⋆ Q := Rπ13∗(π
∗
12P ⊗
L π∗23Q) ∈ D
coQcoh(X1 ×X3, q
∗
3W3 − q
∗
1W1).
Proposition 2.20. Notation is same as above. The composition of integral functors
DcoQcoh(X1,W1)
ΦP−−→ DcoQcoh(X2,W2)
ΦQ
−−→ DcoQcoh(X3,W3)
is isomorphic to the following integral functor
DcoQcoh(X1,W1)
ΦP⋆Q
−−−→ DcoQcoh(X3,W3).
Proof. The result follows from projection formula and base change formula for derived
factorization categories. 
2.4. Support properties of factorizations. Following [EP, Section 1.10], we consider
set-theoretic supports of factorizations. In this section, X is a Noetherian scheme.
Definition 2.21. Let (X,χ,W )G be a gauged LG model, and let Z ⊂ X be a G-invariant
closed subset of X. We say that a factorization F ∈ QcohG(X,χ,W ) is set-theoretically
supported on Z if the supports Supp(Fi) of components of F are contained in Z.
Denote by
QcohG(X,χ,W )Z
the dg subcategory of QcohG(X,χ,W ) consisting of factorizations set-theoretically sup-
ported on Z. H0(QcohG(X,χ,W )Z) is a full triangulated subcategory ofH
0(QcohG(X,χ,W )).
Denote by Acyclco(QcohG(X,χ,W )Z) the smallest thick subcategory ofH
0(QcohG(X,χ,W )Z)
which is closed under small direct sums and contains all totalizations of short exact se-
quences in Z0(QcohG(X,χ,W )Z). Set
DcoQcohG(X,χ,W )Z := H
0(QcohG(X,χ,W )Z)/Acycl
co(QcohG(X,χ,W )Z).
Similarly, denote by
cohG(X,χ,W )Z
InjG(X,χ,W )Z
the dg subcategory of cohG(X,χ,W ) and InjG(X,χ,W ), respectively, consisting of fac-
torizations set-theoretically supported on Z. Let Acycl(cohG(X,χ,W )Z) be the smallest
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thick subcategory of H0(cohG(X,χ,W )Z) containing all totalizations of short exact se-
quences in Z0(cohG(X,χ,W )Z), and consider the Verdier quotient
DcohG(X,χ,W )Z := H
0(cohG(X,χ,W )Z)/Acycl(cohG(X,χ,W )Z).
Lemma 2.22. Let A ∈ Acyclco(QcohG(X,χ,W )Z) and I ∈ H
0(InjG(X,χ,W )Z). Then
we have
HomH0(QcohG(X,χ,W )Z)(A, I) = 0.
Proof. Since arbitrary direct sums of short exact sequences are exact and the totaliza-
tion functor commutes with arbitrary direct sums, it is enough to show that for a short
exact sequence A• : 0 → A1 → A2 → A3 → 0 in Z0(QcohG(X,χ,W )Z), we have
HomH0(QcohG(X,χ,W )Z)(Tot(A
•), I) = 0. This follows from a similar argument as in the
proof of [LS, Lemma 2.13]. 
By the above Lemma, we see that every morphism from Acyclco(QcohG(X,χ,W )Z) to
InjG(X,χ,W )Z factors through the zero object in H
0(QcohG(X,χ,W )Z). Hence, by [LS,
Proposition B.2], we have the following lemma:
Lemma 2.23. Let F ∈ H0(QcohG(X,χ,W )Z) and I ∈ H
0(InjG(X,χ,W )Z). Then the
natural map
HomH0(QcohG(X,χ,W )Z)(F, I)
∼
−→ HomDcoQcohG(X,χ,W )Z (F, I)
is an isomorphism.
Furthermore, we have the following:
Lemma 2.24. The natural functor
H0(InjG(X,χ,W )Z)→ D
coQcohG(X,χ,W )Z
is an equivalence.
Proof. This follows from [BDFIK1, Cororally 2.25]. 
The following two propositions are G-equivariant versions of results in [EP, Section
1.10].
Proposition 2.25 (cf. [EP] Proposition 1.10).
(1) The natural functor
DcohG(X,χ,W )Z → D
coQcohG(X,χ,W )Z
is fully faithful, and its image is a set of compact generators.
(2) The natural functor
ιZ : D
coQcohG(X,χ,W )Z → D
coQcohG(X,χ,W )
induced by the embedding of dg categories ιZ : QcohG(X,χ,W )Z → QcohG(X,χ,W ) is
fully faithful.
(3) The functor
ιZ : DcohG(X,χ,W )Z → DcohG(X,χ,W )
induced by the embedding of dg categories ιZ : cohG(X,χ,W )Z → cohG(X,χ,W ) is fully
faithful.
Proof. (1) It is enough to prove that any morphism F → A in H0(QcohG(X,χ,W )Z) from
F ∈ H0(cohG(X,χ,W )Z) to A ∈ Acycl
co(QcohG(X,χ,W )Z) factors through some object
in Acycl(cohG(X,χ,W )Z). This follows from a similar argument as in the proof of [LS,
Lemma 2.15].
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We show that DcohG(X,χ,W )Z generates D
coQcohG(X,χ,W )Z by using a similar dis-
cussion in the proof of [Pos1, Theorem 3.11.2]. By Lemma 2.23 and 2.24, it is enough to
show that for an object I ∈ H0(InjG(X,χ,W )Z) if
HomH0(QcohG(X,χ,W )Z)(F, I) = 0
for any F ∈ cohG(X,χ,W )Z , then idI : I → I is homotopic to zero. Consider the partially
ordered set of pairs (M,h), where M ⊂ I is a subfactorization of I and h : M → I is
a contracting homotopy of the embedding i : M →֒ I, i.e. d(h) = i. By Zorn’s lemma,
the partially ordered set contains a maximal element. Hence it suffices to show that
given (M,h) with M 6= I, there exists (M ′, h′) with M ( M ′ and h′|M = h. Take a
subfactorization M ′ ⊂ I such that M ( M ′ and M ′/M ∈ cohG(X,χ,W )Z . Since the
components of I are injective sheaves, the morphism h : M → I of degree −1 can be
extended to a morphism h′′ : M ′ → I. Denote by i : M →֒ I and i′ : M ′ →֒ I the
embeddings. Since the map i′ − d(h′′) is a closed degree zero morphism and vanishes
on M , it induces a closed degree zero morphism g : M ′/M → I. By the assumption, g
is homotopic to zero, i.e. there exists a homotopy c : M ′/M → I such that d(c) = g.
Then h′ = h′′ + c ◦ p : M ′ → I is a contracting homotopy for i′ extending h, where
p :M ′ →M ′/M is the natural projection.
The compactness of objects in DcohG(X,χ,W )Z follows from Lemma 2.23 and 2.24.
(2) and (3) follows from Lemma 2.24 and (1). 
Proposition 2.26 (cf. [EP] Theorem 1.10). Let U := X \Z be the complement of Z ⊂ X,
and let j : U → X be the open immersion.
(1)The restriction
j∗ : DcoQcohG(X,χ,W )→ D
coQcohG(U,χ,W |U )
is the Verdier localization by the thick subcategory DcoQcohG(X,χ,W )Z .
(2)The restriction
j∗ : DcohG(X,χ,W )→ DcohG(U,χ,W |U )
is the Verdier localization by the triangulated subcategory DcohG(X,χ,W )Z . The kernel
of j∗ is the thick envelope of DcohG(X,χ,W )Z in DcohG(X,χ,W ).
Proof. We can prove this by a standard discussion as in the proof of [EP, Theorem 1.10].
(1) Since j∗ has a right adjoint Rj∗ : D
coQcohG(U,χ,W |U ) → D
coQcohG(X,χ,W )
which is fully faithful, we see that j∗ is the Verdier (Bousfield) localization by its kernel
which is generated by cones of adjunctions F → Rj∗j
∗F for any F ∈ DcoQcohG(X,χ,W ).
We show that Ker(j∗) = DcoQcohG(X,χ,W )Z . Since the inclusion D
coQcohG(X,χ,W )Z
⊂ Ker(j∗) is trivial, it is enough to show that the cone of the adjunction F → Rj∗j
∗F ,
for any F ∈ DcoQcohG(X,χ,W ), is contained in D
coQcohG(X,χ,W )Z . By Lemma 2.12,
we may take F as an factorization whose components are injective quasi-coherent sheaves.
Then the adjunction comes from a closed morphism F → j∗j
∗F in Z0(QcohG(X,χ,W )).
Since its kernel and cokernel are objects in QcohG(X,χ,W )Z , so is the cone of the ad-
junction by an equivariant version of [LS, Lemma 2.7.c].
(2) By Proposition 2.25 (1) and [Nee], we have a fully faithful functor
DcohG(X,χ,W )/DcohG(X,χ,W )Z −→ DcohG(U,χ,W |U ),
where (−) denotes the idempotent completion of (−). Since every morphism D →
E from D ∈ DcohG(X,χ,W ) to E ∈ DcohG(X,χ,W )Z factors through an object in
DcohG(X,χ,W )Z , the natural functor
DcohG(X,χ,W )/DcohG(X,χ,W )Z → DcohG(X,χ,W )/DcohG(X,χ,W )Z
is fully faithful. Hence we see that the natural functor
DcohG(X,χ,W )/DcohG(X,χ,W )Z → DcohG(U,χ,W |U )
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is also fully faithful. This functor is essentially surjective since for every G-equivariant
coherent F ∈ cohGU there exists a G-equivariant coherent sheaf F ∈ cohGX such that
j∗F ∼= F and the coherent sheaves generate DcohG(U,χ,W |U ) by [BDFIK1, Corollary
2.29] 
2.5. Koszul factorizations. Let (X,χ,W )G be a gauged LG model such that X is a
smooth variety. Let E be a G-equivariant locally free sheaf on X of rank r, and let
s : E → OX and t : OX → E(χ)
be morphisms in cohGX such that t ◦ s = W · idE and s(χ) ◦ t = W . Let Zs ⊂ X be the
zero scheme of the section s ∈ Γ(X, E∨)G. We say that s is regular if the codimension of
Zs in X equals to the rank r.
Definition 2.27. We define an object K(s, t) ∈ lfrG(X,χ,W ) as
K(s, t) :=
(
K1
k1−→ K0
k0−→ K1(χ)
)
where
K1 :=
⌈r/2⌉−1⊕
n=0
(
2n+1∧
E)(χn), K0 :=
⌊r/2⌋⊕
n=0
(
2n∧
E)(χn)
and
ki := t ∧ (−)⊕ s ∨ (−).
The following property will be necessary in section 4.1.
Lemma 2.28 ([BFK1] Lemma 3.21 and Proposition 3.20).
(1) We have a natural isomorphism
K(s, t)∨ ∼= K(t∨, s∨).
(2) If s is regular, we have a natural isomorphisms in DcohG(X,χ,W )
OZs
∼= K(s, t) and OZs ⊗
r∧
E∨(χ−1)[−r] ∼= K(s, t)∨,
where OZs :=
(
0→ OZs → 0
)
and
∧r E∨(χ−1)[−r] is a complex in cohGX.
2.6. Restriction and Induction functors. We construct restriction and induction func-
tors. Let G be an affine algebraic group acting on a scheme X. Let G×l X and G×d X
be schemes G×X with different G-actions which are defined as follows;
G×G×l X −→ G×l X
∈ ∈
(g, g′, x) 7−→ (gg′, x)
and
G×G×d X −→ G×d X
∈ ∈
(g, g′, x) 7−→ (gg′, gx).
Let ι : X → G×X be a morphism defined by
X ∋ x 7−→ (1G, x) ∈ G×X.
We define an exact functor ι∗ : QcohG(G×
l X)→ QcohX as
QcohG(G×
l X) −→ QcohX
∈ ∈
(F , θ) 7−→ ι∗F .
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Since G×l X is a principal G-bundle over X, the above functor ι∗ is an equivalence.
The following morphisms
ϕ : G×l X −→ G×d X
∈ ∈
(g, x) 7−→ (g, gx)
and
π : G×d X −→ X
∈ ∈
(g, x) 7−→ x
are G-equivariant. The G-action σ : G×X → X on X is the composition π ◦ϕ. Since the
morphism ϕ is an isomorphism, the following functors are equivalences:
ϕ∗ : QcohG(G×
d X)
∼
−→ QcohG(G×
l X)
ϕ∗ : QcohG(G×
l X)
∼
−→ QcohG(G×
d X).
Since the morphism π is flat and affine, the following functors are exact:
π∗ : QcohG(X)→ QcohG(G×
d X)
π∗ : QcohG(G×
d X)→ QcohG(X).
Definition 2.29. We define the restriction functor ResG : QcohGX → QcohX and the
induction functor IndG : QcohX → QcohGX as
ResG := ι
∗ ◦ σ∗ and IndG := σ∗ ◦ (ι
∗)−1.
Remark 2.30. (1) The restriction functor ResG : QcohGX → QcohX is isomorphic to
the forgetful functor, i.e. ResG(F , θ) ∼= F .
(2) Although the functor ResG sends equivariant coherent sheaves to coherent sheaves for
arbitrary group G, the functor IndG does not preserve coherent sheaves if G is not a finite
group.
Since ι∗ is an equivalence, the adjoint pair σ∗ ⊣ σ∗ induces the adjoint pair
ResG ⊣ IndG.
For a χ-semi invariant regular function W : X → A1, the restriction functor ResG :
QcohGX → QcohX and the induction functor IndG : QcohX → QcohGX induce dg
functors between factorization categories, which we denote by the same notation;
ResG : QcohG(X,χ,W )→ Qcoh(X,W )
IndG : Qcoh(X,W )→ QcohG(X,χ,W ).
These functors are also adjoint to each other;
ResG ⊣ IndG.
Since the restriction and the induction functors are exact, we obtain the following
induced functors between bounded derived categories
ResG : D
b(QcohGX)→ D
b(QcohX)
IndG : D
b(QcohX)→ Db(QcohGX)
and the functors between coderived factorization categories
ResG : D
coQcohG(X,χ,W )→ D
coQcoh(X,W )
IndG : D
coQcoh(X,W )→ DcoQcohG(X,χ,W ).
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The adjunction of the restriction and the induction functors between QcohGX and QcohX
induces the adjunction of the above induced functors between triangulated categories;
ResG ⊣ IndG.
We recall the definition of (linearly) reductiveness of algebraic groups.
Definition 2.31. Let H be an affine algebraic group over a field K.
(1) H is called reductive if the radical of H is a torus.
(2) H is called linearly reductive if every rational representations of H over K is
completely reducible.
The following says that the above two properties are equivalent if the characteristic of
the base filed is zero.
Proposition 2.32 ([MFK] Appendix A). Let H be an affine algebraic group over a field
K of characteristic zero. Then H is reductive if and only if it is linearly reductive.
Lemma 2.33. Assume that G is linearly reductive.
(1) The adjunction morphism
ε : idQcohGX → IndG ◦ ResG
is a split mono i.e., there exists a functor morphism η : IndG ◦ResG → idQcohGX such that
η ◦ ε = id. The adjunction morphism
idQcohG(X,χ,W ) → IndG ◦ResG
is also a split mono.
(2) The restriction functors
ResG : D
b(QcohGX)→ D
b(QcohX)
ResG : D
coQcohG(X,χ,W )→ D
coQcoh(X,W )
are faithful.
Proof. (1) This follows from the argument in the proof of [Hir, Lemma 4.56].
(2) We will prove that the upper functor ResG : D
b(QcohGX) → D
b(QcohX) is faithful;
the proof of the faithfulness of the lower functor is similar. The functor morphism η :
IndG ◦ ResG → idQcohGX constructed in (1) naturally induces the functor morphism η :
IndG ◦ResG → idDb(QcohGX) such that the composition with the adjunction morphism
idDb(QcohGX) → IndG ◦ ResG
η
−→ idDb(QcohGX)
is the identity. Hence any morphism f in Db(QcohGX) factors through IndG ◦ ResG(f),
and so f = 0 if Res(f) = 0. 
3. Relative singularity categories
Relative singularity categories are introduced in [EP], and it is shown that derived fac-
torization categories (with some conditions on regular functions) are equivalent to relative
singularity categories. In this section, we recall the definition and properties of relative
singularity categories.
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3.1. Triangulated categories of relative singularities. Let X be a quasi-projective
scheme, and let G be an affine algebraic group acting on X. Throughout this section,
we assume that X has a G-equivariant ample line bundle. If X is normal, this condition
is satisfied by [Tho, Lemma 2.10]. The equivariant triangulated category of singularities
DsgG (X) of X is defined as the Verdier quotient of D
b(cohGX) by the thick subcategory
Perf G(X) of equivariant perfect complexes. Following [Orl1], we consider a larger cate-
gory DcosgG (X) defined as the Verdier quotient of D
b(QcohGX) by the thick subcategory
LfrG(X) of complexes which is quasi-isomorphic to bounded complexes of equivariant lo-
cally free sheaves (not necessarily of finite ranks). If G is trivial, we denote the singularity
categories by Dcosg(X) or Dsg(X).
We recall relative singularity categories following [EP]. Let Z ⊂ X be a G-invariant
closed subscheme of X such that OZ has finite G-flat dimension as an OX -module i.e.,
the G-equivariant sheaf OZ ∈ cohG(X) has a finite resolution F
• → OZ of G-equivariant
flat sheaves on X. Under the assumption, we have the derived inverse image Li∗ :
Db(QcohGX) → D
b(QcohGZ) between bounded derived categories for the closed immer-
sion i : Z → X. This functor preserves complexes of coherent sheaves; Li∗ : Db(cohX)→
Db(cohZ).
Definition 3.1 ([EP] Section 2.1). We define the following Verdier quotients
DcosgG (Z/X) := D
b(QcohGZ)/〈Im(Li
∗ : Db(QcohGX)→ D
b(QcohGZ))〉
⊕
DsgG (Z/X) := D
b(cohGZ)/〈Im(Li
∗ : Db(cohGX)→ D
b(cohGZ))〉,
where 〈−〉 (resp. 〈−〉⊕) denotes the smallest thick subcategory containing objects in (−)
(resp. and closed under infinite direct sums which exist in Db(QcohGZ)). The quotient
category DsgG (Z/X) is called the equivariant triangulated category of singularities
of Z relative to X. If G is trivial, we denote the categories defined above by Dcosg(Z/X)
or Dsg(Z/X).
Proposition 3.2. Assume that G is reductive. We have natural Verdier localizations by
thick subcategories
πco : DcosgG (Z)→ D
cosg
G (Z/X)
π : DsgG (Z)→ D
sg
G (Z/X).
Proof. It is enough to show that LfrG(Z) ⊂ 〈Im(Li
∗ : Db(QcohGX) → D
b(QcohGZ))〉
⊕
and Perf G(Z) ⊂ 〈Im(Li
∗ : Db(cohGX)→ D
b(cohGZ))〉. These inclusions follow from the
assumption that X has a G-equivariant ample line bundle L. The proofs of the inclusions
are similar, and we prove the only former inclusion. It is enough to show that any G-
equivariant locally free sheaf E on Z is a direct summand of a bounded complex whose
terms are direct sums of invertible sheaves of the form i∗L⊗n. By [Tho, Lemma 1.4], there
is a bounded above locally free resolution E•
∼
−→ E whose terms are as above. For any
n > 0, we have the following triangle in Db(QcohGZ)
σ≥−nE• → E → H−n(σ≥−nE•)[n + 1]→ σ≥−nE•[1],
where σ≥−n denotes the brutal truncation. If we choose a sufficiently large n ≫ 0, we
have
HomDb(QcohGZ)(E,H
−n(σ≥−nE•)[n+ 1]) = 0
by [Orl1, Lemma 1.12], since the restriction functor ResG : D
b(QcohGZ)→ D
b(QcohZ) is
faithful by Lemma 2.33 (2). Hence the above triangle splits, and E is a direct summand
of the complex σ≥−nE•. 
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Remark 3.3. Note that, ifX is regular, then the thick subcategory 〈Im(Li∗)〉 ⊂ Db(cohGZ)
coincides with its thick subcategory Perf G(Z) of equivariant perfect complexes of Z.
Hence the quotient category DsgG (Z/X) is same as D
sg
G (Z). Similarly, D
cosg
G (Z/X) is also
same as DcosgG (Z) when X is regular.
The exact functors ResG : QcohGZ → QcohZ and IndG : QcohZ → QcohGZ, defined
in Definition 2.29, induce functors between relative singularity categories
ResG : D
cosg
G (Z/X)→ D
cosg(Z/X)
IndG : D
cosg(Z/X) → DcosgG (Z/X).
We need the following lemma in the proof of the main result.
Lemma 3.4. Assume that G is reductive. Then the restriction functor
ResG : D
cosg
G (Z/X)→ D
cosg(Z/X)
is faithful.
Proof. This follows from a similar argument as in the proof of Lemma 2.33 (2). 
3.2. Direct images and inverse images in relative singularity categories. Let X1
and X2 be quasi-projective schemes with actions of an affine algebraic group G. Assume
that X1 and X2 have G-equivariant ample line bundles. Let f˜ : X2 → X1 be a G-
equivariant morphism. Let Z1 be a G-invariant closed subscheme of X1 such that OZ1
has finite G-flat dimension as a OX1-module, and let Z2 be the fiber product Z1 ×X1 X2.
Denote by f the restriction f˜ |Z2 : Z2 → Z1 of f˜ to Z2. We assume that the cartesian
square
Z2
f //

Z1

X2
f˜ // X1
is exact in the sense of [Kuz]. Then, OZ2 also has finite G-flat dimension as a OX2-module.
Furthermore, we assume that f˜ has finite G-flat dimension, i.e. the derived inverse image
Lf˜∗ : D−(QcohGX1) → D
−(QcohGX2) maps D
b(QcohGX1) to D
b(QcohGX2). Then f
also has finite G-flat dimension.
In the above setting, the derived inverse image Lf∗ : Db(QcohGZ1) → D
b(QcohGZ2)
induces exact functors
f◦ : DcosgG (Z1/X1)→ D
cosg
G (Z2/X2)
f◦ : DsgG (Z1/X1)→ D
sg
G (Z2/X2),
and the derived direct image Rf∗ : D
b(QcohGZ2)→ D
b(QcohGZ1) induces a right adjoint
functor of f◦ : DcosgG (Z1/X1)→ D
cosg
G (Z2/X2)
f◦ : D
cosg
G (Z2/X2)→ D
cosg
G (Z1/X1).
If f is a proper morphism, the direct image Rf∗ : D
b(cohGZ2) → D
b(cohGZ1) between
bounded complexes of coherent sheaves induces a right adjoint functor
f◦ : D
sg
G (Z2/X2)→ D
sg
G (Z1/X1)
of f◦ : DsgG (Z1/X1)→ D
sg
G (Z2/X2).
Let X be a quasi-projective scheme with an action of an affine algebraic group G, and let
U ⊂ X be a G-invariant open subscheme. Let Z ⊂ X be a G-invariant closed subscheme
such that OZ has finite G-flat dimension, and consider the fiber product UZ := Z ×X U .
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Denote by l˜ : U → X and l : UZ → Z the open immersions. Then we have the following
exact cartesian square:
UZ
l //

Z

U
l˜ // X.
Lemma 3.5. The inverse image
l◦ : DcosgG (Z/X) → D
cosg
G (UZ/U)
is a Verdier localization by the kernel of l◦.
Proof. The direct image Rl∗ : D
b(QcohUZ) → D
b(QcohZ) is fully faithful and right
adjoint to the inverse image l∗ : Db(QcohZ) → Db(QcohUZ). By [Orl2, Lemma 1.1], the
direct image functor l◦ : D
cosg
G (Z/X) → D
cosg
G (UZ/U) is fully faithful. Hence, l
◦ admits a
right adjoint functor which is fully faithful, and this implies the result. 
3.3. Relative singularity categories and derived factorization categories. In this
section, X and G are the same as in section 3.1, and we assume that G is reductive.
Let χ : G → Gm be a character of G, and let W : X → A
1 be a χ-semi invariant
regular function. In this section, we assume that the corresponding G-invariant section
W : OX → O(χ) is injective. For example, if W is flat, this condition is satisfied. Denote
by X0 the fiber of W over 0 ∈ A
1, and let i : X0 → X be the closed immersion. We have
an exact functor τ : QcohGX0 → Z
0(QcohG(X,χ,W )) defined by
τ(F ) :=
(
0→ i∗(F )→ 0
)
.
We define a natural functor
Υ : Db(QcohGX0)→ D
coQcohG(X,χ,W )
as the composition of functors
Db(QcohGX0)
τ
−→ Db(Z0(QcohG(X,χ,W )))
Tot
−−→ DcoQcohG(X,χ,W ).
The functor Υ annihilates the thick category 〈Im(Li∗)〉⊕ ⊂ Db(QcohGX0), since its
nonequivariant functor Υ : Db(QcohX0)→ D
coQcoh(X,W ) annihilates ResG(〈Im(Li
∗)〉⊕)
(see the proof of [EP, Theorem 2.7 and Theorem 2.8]) and the restriction functor ResG :
DcoQcohG(X,χ,W )→ D
coQcoh(X,W ) is faithful. Hence it induces an exact functor
Υ : DcosgG (X0/X)→ D
coQcohG(X,χ,W ).
Similarly, we have the following exact functor
Υ : DsgG (X0/X)→ DcohG(X,χ,W ),
and the following diagram is commutative;
DcosgG (X0/X)
Υ // DcoQcohG(X,χ,W )
DsgG (X0/X)
Υ //
OO
DcohG(X,χ,W ),
OO
where the vertical arrows are natural inclusion functors (which are fully faithful).
Theorem 3.6 (cf. [EP] Theorem 2.7, Theorem 2.8.). The functors
Υ : DcosgG (X0/X)→ D
coQcohG(X,χ,W )
Υ : DsgG (X0/X)→ DcohG(X,χ,W )
are equivalences.
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In order to prove the above theorem, we need to construct the quasi-inverse of Υ. We
say that a G-equivariant quasi-coherent sheaf F ∈ QcohGX is W -flat, if the morphism
of sheaves W : F → F ⊗ L is injective. Denote by FlatWG (X,χ,W ) the dg full subcate-
gory of QcohG(X,χ,W ) consisting of factorizations whose components are W -flat. Then
H0(FlatWG (X,χ,W )) is a full triangulated subcategory ofH
0(QcohG(X,χ,W )). Denote by
Acyclco(FlatWG (X,χ,W )) the smallest thick subcategory of H
0(FlatWG (X,χ,W )) contain-
ing all totalizations of short exact sequences in the exact category Z0(FlatWG (X,χ,W )).
Consider the corresponding Verdier quotients
DcoFlatWG (X,χ,W ) := H
0(FlatWG (X,χ,W ))/Acycl
co(FlatWG (X,χ,W )).
The restriction functor ResG : QcohG(X,χ,W )→ Qcoh(X,W ) and the induction functor
IndG : Qcoh(X,W )→ QcohG(X,χ,W ) preserve factorizations whose components are W -
flat sheaves since ResG : QcohGX → QcohX and IndG : QcohX → QcohGX are exact
functors. Hence the restriction and the induction functors induce the following functors
ResG : D
coFlatWG (X,χ,W )→ D
coFlatW (X,W )
IndG : D
coFlatW (X,W )→ DcoFlatWG (X,χ,W ),
and these functors are adjoint to each other;
ResG ⊣ IndG.
Lemma 3.7. The natural functor
DcoFlatWG (X,χ,W )→ D
coQcohG(X,χ,W )
is an equivalence.
Proof. At first, we prove that the functor is essentially surjective. Let F ∈ DcoQcohG(X,χ,W )
be an object. Since X has a G-equivariant ample line bundle, there are G-equivariant lo-
cally free sheaf Ei and a surjective morphism pi : Ei → Fi in QcohGX for each i = 0, 1.
Let E ∈ QcohG(X,χ,W ) be the factorization of the following form
E :=
(
E1 ⊕ E0
W⊕idE0−−−−−→ E1(χ)⊕ E0
idE1(χ)⊕W−−−−−−−→ E1(χ)⊕ E0(χ)
)
.
Then p1 and p0 define a natural surjective morphism p : E → F in Z
0(QcohG(X,χ,W )).
The kernel K := Ker(p) of p is in Z0(FlatWG (X,χ,W )) since the components of K are
subsheaves of W -flat sheaves. Hence the totalization Tot(C•) of the complex
C• : · · · → 0→ K →֒ E → 0→ · · ·
with the cohomological degree of E zero is in DcoFlatWG (X,χ,W ), and we see that the
natural morphism Tot(C•)→ F induced by p is an isomorphism in DcoQcohG(X,χ,W ).
To show the functor DcoFlatWG (X,χ,W )→ D
coQcohG(X,χ,W ) is fully faithful, it suf-
fices to prove that for any morphism f : E → F in H0(QcohG(X,χ,W )) with F ∈
H0(FlatWG (X,χ,W )) and the cone of f in Acycl
co(QcohG(X,χ,W )), there exists a mor-
phism g : F ′ → E with F ′ ∈ H0(FlatWG (X,χ,W )) such that the cone of f ◦ g is in
Acyclco(FlatWG (X,χ,W )) (see [LS, Proposition B.2. (ff1 )
op]). By the above argument in
the previous paragraph, we can find a morphism g : F ′ → E with F ′ ∈ H0(FlatWG (X,χ,W ))
such that the cone of g is in Acyclco(QcohG(X,χ,W )), and then the cone of f ◦ g is in
H0(FlatWG (X,χ,W )) ∩Acycl
co(QcohG(X,χ,W )). Hence it is enough to show that
H0(FlatWG (X,χ,W )) ∩Acycl
co(QcohG(X,χ,W )) ⊆ Acycl
co(FlatWG (X,χ,W )).
For this, let A ∈ H0(FlatWG (X,χ,W )) ∩ Acycl
co(QcohG(X,χ,W )) be an object. We
already know that ResG(A) ∈ Acycl
co(FlatW (X,W )) by [EP, Corollary 2.6 (a)]. Note
that the restriction functor ResG : D
coFlatWG (X,χ,W ) → D
coFlatW (X,W ) is faithful by
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a similar argument as in the proof of Lemma 2.33 (2). Hence the fact that ResG(A) ∈
Acyclco(FlatW (X,W )) implies that A ∈ Acyclco(FlatWG (X,χ,W )). 
For an object F =
(
F1
ϕF1−−→ F0
ϕF0−−→ F1(χ)
)
∈ Z0(FlatWG (X,χ,W )), define an object
Ξ(F ) ∈ DcosgG (X0/X) by Ξ(F ) := Cok(ϕ
F
1 ). It is easy to see that this defines the following
exact functor
Ξ : H0(FlatWG (X,χ,W ))→ D
cosg
G (X0/X).
If G is trivial, this exact functor annihilates Acyclco(FlatW (X,W )) by [EP, Theorem 2.7,
2.8]. Hence, since ResG : D
cosg
G (X0/X) → D
cosg(X0/X) is faithful, we obtain the exact
functor Ξ : DcoFlatWG (X,χ,W ) → D
cosg
G (X0/X). By Lemma 3.7, we have the left derived
functor of Ξ;
LΞ : DcoQcohG(X,χ,W )→ D
cosg
G (X0/X).
Proof of Theorem 3.6: We will show that the functors Υ and LΞ are mutually inverse.
Let E ∈ DcoQcohG(X,χ,W ) be an object. By Lemma 3.7 we may assume that E ∈
DcoFlatWG (X,χ,W ). Then
ΥLΞ(E) ∼= ΥΞ(E) =
(
0→ Cok(ϕE1 )→ 0
)
,
and the surjective morphism E0 ։ Cok(ϕ
E
1 ) induces the natural surjective morphism
φE : E → ΥΞ(E) in Z
0(QcohG(X,χ,W )). Since the kernel of φE is the factorization(
E1 = E1
W
−→ E1(χ)
)
and it is isomorphic to the zero object in H0(FlatWG (X,χ,W )), the
morphism φE : E → ΥΞ(E) is an isomorphism in D
coQcohG(X,χ,W ). It is easy to see
that the isomorphisms φ(−) define an isomorphism of functors
φ : idDcoQcohG(X,χ,W )
∼
−→ ΥLΞ.
Let F ∈ DcosgG (X0/X) be an object. Then we may assume that F ∈ QcohGX0. Take
a surjective morphism p : P ։ i∗F with P locally free. Set K := Ker(p) ∈ QcohGX
and Q :=
(
K
i
−→ P
W
−→ K(χ)
)
∈ QcohG(Xχ,W ), where i : K → P is the natu-
ral inclusion. Consider the natural surjective morphism π : Q →
(
0 → i∗F → 0
)
in
Z0(QcohG(X,χ,W )). Then the kernel of π is the factorization
(
K = K
W
−→ K(χ)
)
, and
it is isomorphic to the zero object in H0(QcohG(X,χ,W )). Hence π is an isomorphism
in DcoQcohG(X,χ,W ), and so we have a natural isomorphism ψF : LΞΥ(F )
∼
−→ F in
DcosgG (X0/X) defined as the composition LΞΥ(F )
∼
−→ ΞΥ(Q) = Cok(i) = F . We need to
show that the isomorphisms ψ(−) are functorial in (−). Since the restriction functor ResG
is isomorphic to the forgetful functor ForgG, we have a natural isomorphism of functors
σ : ResGLΞΥ
∼
−→ LΞΥResG defined by the composition
ResGLΞΥ
∼
−→ ForgGLΞΥ = LΞΥForgG
∼
−→ LΞΥResG,
and the following diagram is commutative
ResGLΞΥ(F )
ResG(ψF ) //
σF ((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
ResG(F )
LΞΥResG(F )
ψResG(F )
77♦♦♦♦♦♦♦♦♦♦♦
Hence we see that the isomorphisms ψ(−) are functorial by the fact that the isomorphisms
ψ(−) are functorial if G is trivial and that the functor ResG is faithful. This completes the
proof of the former equivalence.
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The latter equivalence follows from [EP, Remark 2.7], which is a generalized result of
[EP, Theorem 2.7]. 
4. Derived Kno¨rrer Periodicity
Let X be a smooth quasi-projective variety, and let G be a reductive affine algebraic
group acting on X. Let E be a G-equivariant locally free sheaf of rank r, and let s ∈
Γ(X, E∨)G be a G-invariant section of E∨. Denote by Z ⊂ X the zero scheme of s. We
assume that s is regular, i.e. the codimension of Z in X is r. Let
V(E(χ)) := Spec(Sym(E(χ)∨))
be a vector bundle over X with the G-action induced by the equivariant structure of the
locally free sheaf E(χ). Denote by V(E(χ))|Z the restriction of the vector bundle V(E(χ))
to Z. Let j : Z →֒ X and i : V(E(χ))|Z →֒ V(E(χ)) be the closed immersions, and let
q : V(E(χ)) → X and p : V(E(χ))|Z → Z be the projections. Now we have the following
commutative diagram:
V(E(χ))|Z
i //
p

V(E(χ))
q

Z
j // X.
The invariant section s induces a χ-semi invariant regular function
Qs : V(E(χ))→ A
1.
Let W : X → A1 be a χ-semi invariant regular function on X. The function W induces
χ-semi invariant functions on Z, V(E(χ)) and V(E(χ))|Z , which we denote by the same
notation W (by abuse of notation). Since the inverse image p∗ and the direct image i∗
are exact and commutative with arbitrary direct sums as functors between categories of
quasi-coherent sheaves, these induce (underived) functors
p∗ : DcoQcohG(Z,χ,W )→ D
coQcohG(V(E(χ))|Z , χ,W )
i∗ : D
coQcohG(V(E(χ))|Z , χ,W )→ D
coQcohG(V(E(χ)), χ,W +Qs).
Restricting the composition i∗p
∗ : DcoQcohG(Z,χ,W )→ D
coQcohG(V(E(χ)), χ,W +Qs)
to DcohG(Z,χ,W ), we obtain an exact functor
i∗p
∗ : DcohG(Z,χ,W )→ DcohG(V(E(χ)), χ,W +Qs).
Shipman proved that the above functor i∗p
∗ is an equivalence when G = Gm trivially
acts on X and W = 0 (see also [Isi]):
Theorem 4.1 ([Shi] Theorem 3.4). The composition
i∗p
∗ : DcohGm(Z,χ1, 0)
∼
−→ DcohGm(V(E(χ1)), χ1, Qs)
is an equivalence.
The goal of this section is to show the following main result which is an analogy of the
above theorem.
Theorem 4.2. Assume that W |Z : Z → A
1 is flat. The functor
i∗p
∗ : DcohG(Z,χ,W )→ DcohG(V(E(χ)), χ,W +Qs)
is an equivalence.
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Remark 4.3. Let S be a smooth quasi-projective variety, and let G be an affine reductive
group acting on S. LetW : S → A1 be a χ := χ1+χ2-semi invariant non-constant regular
function for some characters χi : G→ Gm. Let X := V(O(χ1)) ∼= S×A
1
x1 be the G-vector
bundle over S, and let s ∈ Γ(X,O(χ1))
G be the section corresponding to the χ1-semi
invariant function S × A1x1 → A
1 which is defined as the projection (s, x1) 7→ x1. Then,
S is isomorphic to the zero scheme of s, and the G-vector bundle V(O(−χ1)(χ)) over X
is isomorphic to the G-variety S × A2x1,x2 , where the G-weights of xi is given by χi. By
Theorem 4.2, we have the following equivalence
DcohG(S, χ,W ) ≃ DcohG(S × A
2
x1,x2 , χ,W + x1x2).
This kind of equivalence is know as Kno¨rrer periodicity, so the above theorem is considered
as a generalization of the original Kno¨rrer periodicity [Kno¨, Theorem 3.1].
4.1. Lemmas for the main theorem. In this section, we provide some lemmas for the
main result. Throughout this section, we consider the case when G is trivial.
Set
ωj :=
r∧
(IZ/I
2
Z)
∨ and ωi := p
∗ωj,
where IZ is the ideal sheaf of Z in X. These are invertible sheaves on Z and V(E)|Z
respectively. We define an exact functor
i! : DcoQcoh(V(E),W +Qs)→ D
coQcoh(V(E)|Z ,W )
as i!(−) := Li∗(−) ⊗ ωi[−r]. By [EP, Theorem 3.8], the above functor i
! is right adjoint
to i∗ : D
coQcoh(V(E)|Z ,W )→ D
coQcoh(V(E),W +Qs). Let
K := K(q∗s, t) ∈ lfr(V(E), Qs)
be the Koszul factorization of q∗s ∈ Γ(V(E), q∗E∨) and t ∈ Γ(V(E), q∗E), where t is the
tautological section. By abuse of notation, we denote by OZ the object in coh(Z, 0) of the
following form (
0→ OZ → 0
)
.
Lemma 4.4. Consider the case when W = 0. We have isomorphisms
i∗p
∗(OZ) ∼= K and p∗i
!(K) ∼= OZ
in Dcoh(V(E), Qs) and in D
coQcoh(Z, 0) respectively.
Proof. These isomorphisms follow from Lemma 2.28. In particular, the former isomor-
phism is an immediate consequence. Note that ωi ∼= i
∗
∧r q∗E∨. We obtain the latter
isomorphism as follows;
p∗i
!(K) ∼= p∗Li
∗(OZ ⊗
r∧
q∗E∨[−r]) ∼= p∗Li
∗(K∨) ∼= p∗Li
∗(OZt∨ )
∼= OZ ,
where the last isomorphism follows from the fact that the zero section Z ⊂ V(E) is
isomorphic to the fiber product of closed subschemes V(E)|Z →֒ V(E) and Zt∨ →֒ V(E). 
Lemma 4.5. The functor
i∗p
∗ : DcoQcoh(Z,W )→ DcoQcoh(V(E),W +Qs)
is fully faithful.
Proof. The functors i∗p
∗ and p∗i
! can be represented as integral functors
i∗p
∗ ∼= Φk∗OV(E)|Z
and p∗i
! ∼= Φk∗ωi[−r],
where k := p × i : V(E)|Z → Z × V(E) and kernels OV(E)|Z and ωi[−r] are objects in
Dcoh(V(E)|Z , 0). By easy computation, we see that there exists an object P ∈ D
coQcoh(Z, 0)
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such that p∗i
! ◦ i∗p
∗ ∼= Φ∆∗P
∼= (−) ⊗ P , where ∆ : Z → Z × Z is the diagonal embed-
ding. Substituting W = 0, by Lemma 4.4, we have an isomorphism P ∼= OZ . But P
doesn’t depend on the function W . Hence, for any W , we have an isomorphism of func-
tors p∗i
! ◦ i∗p
∗ ∼= Φ∆∗P
∼= idDcoQcoh(Z,W ). By the following lemma, this implies that the
functor i∗p
∗ : DcoQcoh(Z,W )→ DcoQcoh(V(E),W +Qs) is fully faithful. 
The following lemma is an opposite version of [Joh, Lemma 1.1.1].1 We give a proof for
the reader’s convenience.
Lemma 4.6 (cf. [Joh] Lemma 1.1.1). Let F : A → B be a functor between (arbitrary)
categories, and suppose that F admits a right adjoint functor G : B → A. Then, if there
exists an isomorphism of functors α : idA
∼
−→ GF (α is not necessarily the adjunction
morphism), then F is fully faithful.
Proof. The isomorphism α implies that the following composition of maps is bijective;
Hom(A,A′)
F
−→ Hom(F (A), F (A′))
G
−→ Hom(GF (A), GF (A′)).
Hence it is enough to show that G is fully faithful on the image of F . Since the above
composition is bijective, G is full on the image of F . Let ε : idA → GF and δ : FG→ idB
be the adjunction morphisms. For any f ∈ Hom(F (A), F (A′)) we have
δF (A′) ◦ FG(f) ◦ F (εA) = f ◦ δF (A) ◦ F (εA) = f,
where the first equation follows from the functoriality of δ and the the second equation
follows from the property of the adjunction morphisms. Hence the following diagram is
commutative
Hom(F (A), F (A′))
G

Hom(F (A), F (A′))
Hom(GF (A), GF (A′))
F // Hom(FGF (A), FGF (A′)),
δF (A′)◦(−)◦F (εA)
OO
and hence G is faithful on the image of F . 
4.2. Proof of the main theorem. In this section, we prove the main theorem. Recall
that G is a reductive affine algebraic group acting on a smooth quasi-projective variety
X. Since X is smooth, there is a G-equivariant ample line bundle on X. In what follows,
we assume that W |Z : Z → A
1 is flat.
At first, we consider relative singularity categories. Let Z0, V |Z0 and V0 be the fibers of
W : Z → A1, W : V(E(χ))|Z → A
1 and W +Qs : V(E(χ))→ A
1 over 0 ∈ A1 respectively.
Denote by p0 : V |Z0 → Z0 and i0 : V |Z0 → V0 the restrictions of p and i respectively. By
[Kuz, Corollary 2.27], the following cartesian squares are exact
V |Z0
p0 //

Z0

V |Z0
i0 //

V0

V(E)|Z
p // Z V(E)|Z
i // V(E).
Since p and i have finite flat dimensions, we have exact functors of relative singularity
categories
p0
◦ : DcosgG (Z0/Z)→ D
cosg
G (V |Z0/V(E)|Z )
i0◦ : D
cosg
G (V |Z0/V(E)|Z)→ D
cosg(V0/V(E)) = D
cosg
G (V0).
1I would like to thank Timothy Logvinenko for informing me about this lemma.
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Then the following diagram is commutative
DcosgG (Z0/Z)
i0◦p0
◦
//
Υ

DcosgG (V0)
Υ

DcoQcohG(Z,W )
i∗p∗ // DcoQcohG(V(E(χ)),W +Qs).
Furthermore, we compactify V0 and V |Z0 . The compactifying technique appeared in
[Orl2]. Let
P := P(E(χ)⊕OX) = Proj(Sym(E(χ)⊕OX)
∨)
be the projective space bundle over X with a G-action induced by the equivariant structure
of E(χ)⊕OX . Then we have a natural equivariant open immersion
l : V(E(χ))→ P.
Denote by l|Z : V(E(χ))|Z → P |Z the pull-back of l by the closed immersion i : P |Z → P .
Now we have the following cartesian square
V(E(χ))|Z
l|Z //
i

P |Z
i

V(E(χ))
l // P.
Denote by q : P → X the natural projection, and let p := q|Z : P |Z → Z be the pull-back
of q by the closed immersion j : Z → X. Let P0 be the G-invariant subscheme of P
defined by the G-invariant section s⊕W ∈ Γ(P,O(1)(χ))G which is corresponding to the
composition
OP
q∗(s⊕W )
−−−−−−→ q∗(E ⊕ O(χ−1))∨
σ
−→ OP (1)(χ),
where σ is the canonical surjection, and let P |Z0 be the zero scheme defined by the invariant
section i
∗
(s⊕W ) ∈ Γ(P |Z ,O(1)(χ))
G. Since the pull-back of s⊕W (resp. i
∗
(s⊕W )) by
the open immersion l (resp. l|Z) is equal to W + Qs (resp. W ), we have the following
exact cartesian square
V |Z0
l|Z0 //
i0

P |Z0
i0

V0
l0 // P0.
Denote by p0 : P |Z0 → Z0 be the pull-back of p : P |Z → Z by the closed immersion Z0 →
Z. Since the morphisms i0 : P |Z0 → P0 and p0 : P |Z0 → Z0 have finite Tor dimensions, the
direct images Ri0∗ : D
b(cohP |Z0) → D
b(cohP0) and Rp0∗ : D
b(cohP |Z0) → D
b(cohZ0)
induce the following exact functors (cf. [TT, Proposition 2.7]),
i0◦ : D
sg
G (P |Z0)→ D
sg
G (P0)
p0◦ : D
sg
G (P |Z0)→ D
sg
G (Z0).
Now we have the following commutative diagram
DsgG (Z0)
i0◦p0
◦
//
π

DsgG (P0)
l0
◦

DsgG (Z0/Z)
i0◦p0
◦
// DsgG (V0),
where the vertical arrow on the left side is a Verdier localization by Proposition 3.2.
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Remark 4.7. If Z is smooth, the above vertical arrows are equivalences. Indeed, in that
case, the singular locus Sing(P0) is contained in V0, whence l0
◦ is an equivalence by a
similar argument in the proof of [Orl1, Proposition 1.14]. The equivalence of π follows
from Remark 3.3.
Let i0
!
: Db(cohGP0)→ D
b(cohGP |Z0) be the functor defined by
i0
!
:= Li0
∗
(−)⊗
r∧
(I/I2)∨[−r],
where I is the ideal sheaf of i0 : P |Z0 →֒ P0. The functor i0
!
is a right adjoint functor of
i0∗ : D
b(cohGP |Z0) → D
b(cohGP0). Indeed, these functors are adjoint when G is trivial
by [Har, III Theorem 6.7, Corollary 7.3], and the isomorphism
Hom(i0∗(A), B) ∼= Hom(A, i0
!
(B)),
where A ∈ Db(cohP |Z0) and B ∈ D
b(cohP0), commutes with G-actions on each vector
space of morphisms by the property in [Har, III Proposition 6.9.c]. Hence we see that i0
!
is right adjoint to i0∗ by [BFK2, Lemma 2.2.8]. Denote by
i0
♭
: DsgG (P0)→ D
sg
G (P |Z0)
the functor induced by i0
!
. By the above argument, we have the following adjoint pair
i0◦ ⊣ i0
♭
.
Similarly, we have a right adjoint functor
i0
♭ : DcosgG (V0)→ D
cosg
G (V |Z0/V(E(χ))|Z )
of i0◦ : D
cosg
G (V |Z0/V(E(χ))|Z )→ D
cosg
G (V0).
Proof of Theorem 4.2: We have the following commutative diagram
DsgG (Z0/Z)
i0◦p0
◦
//
Υ

DsgG (V0)
Υ

DcohG(Z,χ,W )
i∗p∗ // DcohG(V(E(χ)), χ,W +Qs),
where the vertical arrows are equivalences by Theorem 3.6. Hence it suffices to show that
the functor i0◦p0
◦ : DsgG (Z0/Z)→ D
sg
G (V0) is an equivalence.
At first, we prove that the functor i0◦p0
◦ : DcosgG (Z0/Z) → D
cosg
G (V0) is fully faithful.
Let
εG : idDcosgG (Z0/Z)
→ p0◦i0
♭ ◦ i0◦p0
◦
be the adjunction morphism of the adjoint pair i0◦p0
◦ ⊣ p0◦i0
♭. It is enough to show
that for any object A ∈ DcosgG (Z0/Z), the cone CG(A) of the morphism εG(A) : A →
p0◦i0
♭◦i0◦p0
◦(A) is the zero object. But the object ResG(CG(A)) is isomorphic to the cone
C(A) of the adjunction morphism of ε(ResG(A)) : ResG(A) → p0◦i0
♭ ◦ i0◦p0
◦(ResG(A))
of the adjoint pair of functors between Dcosg(Z0/Z) and D
cosg(V0). Since we have the
following commutative diagram
Dcosg(Z0/Z)
i0◦p0
◦
//
Υ

Dcosg(V0)
Υ

DcoQcoh(Z,W )
i∗p∗ // DcoQcoh(V(E),W +Qs),
where the vertical arrows are equivalences by Theorem 3.6, the functor i0◦p0
◦ is fully
faithful by Lemma 4.5. This implies that the object C(A) is the zero object. Hence CG(A)
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is also the zero object since the restriction functor ResG is faithful by Lemma 3.4. Hence
i0◦p0
◦ : DcosgG (Z0/Z)→ D
cosg
G (V0) is fully faithful. This implies that i0◦p0
◦ : DsgG (Z0/Z)→
DsgG (V0) is also fully faithful, since the natural inclusions D
sg
G (Z0/Z) → D
cosg
G (Z0/Z) and
DsgG (V0)→ D
cosg
G (V0) are fully faithful by Theorem 3.6 and Proposition 2.25 (1).
It only remains to show that the functor i0◦p0
◦ : DsgG (Z0/Z) → D
sg
G (V0) is essentially
surjective. Consider the following commutative diagram:
DsgG (Z0)
i0◦p0
◦
//
π

DsgG (P0)
l0
◦

DsgG (Z0/Z)
i0◦p0
◦
// DsgG (V0)
By a similar argument as in the proof of [Orl1, Lemma 1.11], we see that every object in
DsgG (V0) is isomorphic to an object F [k] for some G-equivariant coherent sheaf F and for
some integer k ∈ Z. Hence the vertical arrow on the right hand side in the above diagram is
essentially surjective, since for every object E in cohGV0 there exists an object E in cohGP0
such that l0
∗(E) ∼= E. Thus, we only need to prove that i0◦p0
◦ : DsgG (Z0) → D
sg
G (P0) is
essentially surjective. To prove that, it is enough to show that the right adjoint functor
p0◦i0
♭
: DsgG (P0)→ D
sg
G (Z0) is fully faithful. Since the restriction functor ResG : D
sg
G (P0)→
Dsg(P0) is faithful by Lemma 3.4 and [PV, Proposition 3.8], it follows from [Orl2, Theorem
2.1] that the adjunction i0◦p0
◦◦p0◦i0
♭
→ idDsgG (P0)
is an isomorphism of functors by a similar
argument as in the proof of the fully faithfulness of i0◦p0
◦ : DcosgG (Z0/Z) → D
cosg
G (V0) in
the previous paragraph. 
4.3. Cases when W = 0. In the previous section, we prove the main result assuming
that W |Z : Z → A
1 is flat. In this section, we consider the cases when W = 0. In this
cases, using results in [Shi], we can show the following:
With notation as above, consider Gm×G-action on X induced by the projection Gm×
G→ G. Let θ : Gm ×G→ Gm be the character defined as the projection. Since the first
factor of Gm ×G trivially acts on X, the G-equivariant locally free sheaf E has a natural
Gm ×G-equivariant structure.
Proposition 4.8. We have an equivalence
Db(cohGZ)
∼
−→ DcohGm×G(V(E(θ)), θ,Qs).
Proof. By a similar argument as in section 2.2, we obtain an equivalence
Db(cohGZ)
∼
−→ DcohGm×G(Z, θ, 0).
Hence it is enough to show the functor
i∗p
∗ : DcohGm×G(Z, θ, 0)→ DcohGm×G(V(E(θ)), θ,Qs)
is an equivalence.
By Lemma 4.5, it follows that
i∗p
∗ : DcoQcohGm(Z,χ1, 0)→ D
coQcohGm(V(E(χ1)), χ1, Qs)
is fully faithful since the forgetful functor DcoQcohGm(Z,χ1, 0)→ D
coQcoh(Z, 0) is faith-
ful. Furthermore, the above functor i∗p
∗ is an equivalence since the right orthogonal of the
image of the restricted functor i∗p
∗ : DcohGm(Z,χ1, 0) → D
coQcohGm(V(E(χ1)), χ1, Qs)
vanishes by the argument in [Shi, Theorem 3.4]. In particular, the right adjoint functor
p∗i
! : DcoQcohGm(V(E(χ1)), χ1, Qs)→ D
coQcohGm(Z,χ1, 0)
of i∗p
∗ is also fully faithful.
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Next we will show that the functor
i∗p
∗ : DcoQcohGm×G(Z, θ, 0)→ D
coQcohGm×G(V(E(θ)), θ,Qs)
is an equivalence. Let
εGm×G : idDcoQcohGm×G(Z,θ,0) → p∗i
! ◦ i∗p
∗
be the adjunction morphism. To show that the functor i∗p
∗ : DcoQcohGm×G(Z, θ, 0) →
DcoQcohGm×G(V(E(θ)), θ,Qs) is fully faithful, we will prove that the adjunction morphism
εGm×G is an isomorphism of functors. For this, it suffices to show that for any object
F ∈ DcoQcohGm×G(Z, θ, 0) the cone CGm×G(F ) of the morphism εGm×G(F ) : F → p∗i
! ◦
i∗p
∗(F ) is the zero object. Recall that the categories QcohGmZ and QcohGm×GZ are
equivalent to the categories Qcoh[Z/Gm] and QcohG[Z/Gm] respectively, where [Z/Gm]
denotes the quotient stack, and we can consider the restriction and the induction functors
for algebraic stacks as in section 2.6. Let πG : QcohGm×GZ → QcohGmZ be the functor
corresponding to the restriction functor ResG : QcohG[Z/Gm] → Qcoh[Z/Gm] via the
equivalences QcohGmZ
∼= Qcoh[Z/Gm] and QcohGm×GZ
∼= QcohG[Z/Gm]. Then πG
naturally induces the following exact functor
πG : D
coQcohGm×G(Z, θ, 0)→ D
coQcohGm(Z,χ1, 0),
and πG has the right adjoint functor σG : D
coQcohGm(Z,χ1, 0) → D
coQcohGm×G(Z, θ, 0)
induced by the induction functor. Since the argument in the proof of Lemma 2.33 works
for algebraic stacks, the adjunction morphism id→ σG ◦ πG is a split mono. Hence πG is
faithful. The object πG(CGm×G(F )) is isomorphic to the cone CGm(F ) of the adjunction
morphism εGm(πG(F )) : πG(F )→ p∗i
! ◦ i∗p
∗(πG(F )), and CGm(F ) is the zero object since
the functor i∗p
∗ : DcoQcohGm(Z,χ1, 0) → D
coQcohGm(V(E(χ1)), χ1, Qs) is fully faithful.
Hence we see that the object CGm×G(F ) is also the zero object since πG is faithful. By an
identical argument, we see that the right adjoint functor
p∗i
! : DcoQcohGm×G(V(E(θ)), θ,Qs)→ D
coQcohGm×G(Z, θ, 0)
is also fully faithful. Hence the functor
i∗p
∗ : DcoQcohGm×G(Z, θ, 0)→ D
coQcohGm×G(V(E(θ)), θ,Qs)
is an equivalence.
By Proposition 2.25 (1), we see that the equivalence i∗p
∗ : DcoQcohGm×G(Z, θ, 0) →
DcoQcohGm×G(V(E(θ)), θ,Qs) induces an equivalence of the compact objects
i∗p
∗ : DcohGm×G(Z, θ, 0)→ DcohGm×G(V(E(θ)), θ,Qs),
where (−) denotes the idempotent completion of (−). But DcohGm×G(Z, θ, 0) on the left
hand side is already idempotent complete since it is equivalent to Db(cohGZ). Hence the
functor
i∗p
∗ : DcohGm×G(Z, θ, 0)→ DcohGm×G(V(E(θ)), θ,Qs)
is an equivalence. 
5. Orlov’s theorem for gauged LG models
In this section, we obtain a gauged LG version of the following theorem of Orlov.
Theorem 5.1 ([Orl3] Theorem 40). Let X ⊂ PN−1k be the hypersurface defined by a
section f ∈ Γ(PN−1k ,O(d)). Denote by F the corresponding homogeneous polynomial.
(1) If d < N , there is a semi-orthogonal decomposition
Db(cohX) = 〈OX(d−N + 1), ...,OX ,DcohGm(A
N
k , χd, F )〉.
(2) If d = N , there is an equivalence
Db(cohX) ∼= DcohGm(A
N
k , χd, F ).
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(3) If d > N , there is a semi-orthogonal decomposition
DcohGm(A
N
k , χd, F ) = 〈k, ..., k(N − d+ 1),D
b(cohX)〉.
We combine the main result with the theory of variations of GIT quotients to obtain a
gauged LG version of the above theorem. For the theory of variations of GIT quotients,
see [BFK2] or [BDFIK3, Section 2]. This kind of approach to Orlov’s theorem appeared in
[Shi], [BFK2], and [BDFIK3], and our argument is similar to the one in [BDFIK3, Section
3].
Let S be a smooth quasi-projective variety with Gm-action, and set
Q := S × AN × A1.
For i = 1, 2, set Gi := Gm, and let G := G1 ×G2. For a positive integer d > 1, we define
a G-action on Q as follows;
G×Q ∋ (g1, g2)× (s, v1, ...vN , u) 7→ (g2 · s, g1v1, ..., g1vN , g
−d
1 g2u) ∈ Q,
where the action · is the original Gm-action on S. Let λ : Gm → G be the character defined
by λ(a) := (a, 1). Denote by Zλ the fixed locus of λ-action on Q. Then Zλ coincides with
the zero section S × 0 × 0 ⊂ Q. Furthermore, set S+ := {q ∈ Q | lim
a→0
λ(a)q ∈ Zλ} and
S− := {q ∈ Q | lim
a→0
λ(a)−1q ∈ Zλ}. Then
S+ = S × A
N × 0 and S− = S × 0× A
1.
Denote by Q+ (resp. Q−) be the complement of S+ (resp. S−) in Q. Then the stratifica-
tions
Q = Q+ ⊔ S+ and Q = Q− ⊔ S−
are elementary wall crossings in the sense of [BFK2].
LetW : S → A1 be a χ1-semi invariant function which is flat. Let f ∈ Γ(P
N−1
S ,O(d))
Gm
be a non-zero Gm-invariant section, and denote by F : A
N
S → A
1 the corresponding regular
function. Since Q is the trivial line bundle over ANS , the function F induces a regular
function F˜ : Q→ A1. Then the function
W + F˜ : Q→ A1
is a χ0,1-semi invariant regular function, where W is the pull-back of W : S → A
1 by the
projection Q → S, and χ0,1 : G → Gm is the character defined by χ0,1(g1, g2) := g2. By
[BFK2, Lemma 3.4.4] and [BFK2, Theorem 3.5.2], we have the following:
Proposition 5.2. Let t± be the λ-weight of the restriction of relative canonical bundle
ωS±/Q to Zλ, and set µ := −t+ + t−. Let χ : G → Gm be the character defined by
χ(g1, g2) := g1g2.
(1) If µ < 0, there exist fully faithful functors
Υ− : DcohG/λ(Zλ, χ1,W + F˜ )→ DcohG(Q−, χ0,1,W + F˜ )
Φ− : DcohG(Q+, χ0,1,W + F˜ )→ DcohG(Q−, χ0,1,W + F˜ ),
and we have the following semi-orthogonal decomposition
DcohG(Q−, χ0,1,W + F˜ ) = 〈Υ−(µ+ 1), ...,Υ−,Φ−(DcohG(Q+, χ0,1,W + F˜ ))〉,
where we denote by Υ−(n) the the essential image of the composition (−) ⊗O(χ
n) ◦Υ−.
(2) If µ = 0, we have an equivalence
DcohG(Q−, χ0,1,W + F˜ ) ∼= DcohG(Q+, χ0,1,W + F˜ ).
(3) If µ > 0, there exist fully faithful functors
Υ+ : DcohG/λ(Zλ, χ1,W + F˜ )→ DcohG(Q+, χ0,1,W + F˜ )
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Φ+ : DcohG(Q−, χ0,1,W + F˜ )→ DcohG(Q+, χ0,1,W + F˜ ),
and we have the following semi-orthogonal decomposition
DcohG(Q+, χ0,1,W + F˜ ) = 〈Υ+, ...,Υ+(−µ+ 1),Φ+(DcohG(Q−, χ0,1,W + F˜ ))〉,
where we denote by Υ+(n) the the essential image of the composition (−)⊗O(χ
n) ◦Υ+.
Since Zλ = S × 0× 0, the function F˜ vanishes on Zλ ⊂ Q. Hence we have
DcohG/λ(Zλ, χ1,W + F˜ ) ∼= DcohGm(S, χ1,W ).
Next, we have
Q− = S × A
N \ 0× A1.
Since F |S×AN\0 ∈ Γ(S×A
N \0,O(χ−d,0)
∨)G and Q− = V(O(χ−d,1)), Theorem 4.2 implies
the following equivalence;
DcohG(Q−, χ0,1,W + F˜ ) ∼= DcohG(Z,χ0,1,W ),
where Z ⊂ S × AN \ 0 is the zero scheme of F . Moreover, the quotient stack [Z/G1] is
isomorphic to the hypersurface X in the projective space bundle PN−1S over S defined by
the invariant section f ∈ Γ(PN−1S ,O(d))
G2 . Hence we have an equivalence
DcohG(Z,χ0,1,W ) ∼= DcohG2(X,χ1,W ).
On the other hand, we have
Q+ = S × A
N × A1 \ 0.
We consider another action of G on Q+ as follows;
G×Q+ ∋ (g1, g2)× (s, v, u) 7→ (g
d
1 · s, g1v, g
−d
1 g2u) ∈ Q+.
We denote by Q˜+ the new G-variety. Then we have a G-equivariant isomorphism
ϕ : Q˜+
∼
−→ Q+,
given by ϕ(s, v, u) := (u · s, v, u), where u ∈ A1 \ 0 is considered as a point in Gm. Since
G2 trivially acts on the first two components S × A
N of Q˜+, we have
[Q˜+/G2] ∼= S × A
N × [A1 \ 0/G2] ∼= A
N
S .
Hence we have the following equivalence
DcohG(Q+, χ0,1,W + F˜ ) ∼= DcohG1(A
N
S , χd,W + F ),
where, on the right hand side, G1-action is given by the following
G1 × S × A
N ∋ g1 × (s, v) 7→ (g
d
1 · s, g1v).
Finally, note that µ = d−N and that the twisting by the G-equivariant invertible sheaf
O(χ) corresponds to the twisting, in DcohG2(X,χ1,W ), by the G2-equivariant invertible
sheaf O(1) on X which is the pull-back of the tautological G2-equivariant invertible sheaf
on PN−1S . Combining Proposition 5.2 and the above argument, we obtain the following
gauged LG version of the Orlov’s theorem:
Let S be a smooth quasi-projective variety with a Gm-action, and let W : S → A
1 be a
χ1-semi invariant regular function which is flat. Consider Gm-actions on A
N
S and on P
N−1
S
given by
Gm × A
N
S ∋ t× (s, v1, ..., vN ) 7→ (t
d · s, tv1, ...tvN ) ∈ A
N
S
Gm × P
N−1
S ∋ t× (s, v1 : ... : vN ) 7→ (t · s, v1 : ... : vN ) ∈ P
N−1
S .
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Theorem 5.3. For d > 1, let f ∈ Γ(PN−1S ,O(d))
Gm be a non-zero invariant section, and
let F : ANS → A
1 be the corresponding χd-semi invariant regular function. Let X ⊂ P
N−1
S
be the hypersurface defined by f , and assume that the morphism W |X is flat.
(1) If d < N , there are fully faithful functors
Φ : DcohGm(A
N
S , χd,W + F )→ DcohGm(X,χ1,W )
Υ : DcohGm(S, χ1,W )→ DcohGm(X,χ1,W ),
and there is a semi-orthogonal decomposition
DcohGm(X,χ1,W ) = 〈Υd−N+1, ...,Υ0,Φ(DcohGm(A
N
S , χd,W + F ))〉,
where Υi denotes the essential image of the composition (−)⊗O(i) ◦Υ.
(2) If d = N , we have an equivalence
DcohGm(X,χ1,W )
∼= DcohGm(A
N
S , χd,W + F ).
(3) If d > N , there are fully faithful functors
Ψ : DcohGm(X,χ1,W )→ DcohGm(A
N
S , χd,W + F )
Υ : DcohGm(S, χ1,W )→ DcohGm(A
N
S , χd,W + F ),
and there is a semi-orthogonal decomposition
DcohGm(A
N
S , χd,W + F ) = 〈Υ0, ...,ΥN−d+1,Ψ(DcohGm(X,χ1,W ))〉,
where Υi denotes the essential image of the composition (−)⊗O(χi) ◦Υ.
Remark 5.4. (1) We can view Orlov’s Theorem 5.1 as the case when S = Speck and
W = 0 in the above theorem.
(2) If N > 1, the assumption that W |X is flat is satisfied whenever W : S → A
1 is flat.
(3) For positive integers a1, ..., aN , applying the similar argument to the G-action on Q
defined by
G×Q ∋ (g1, g2)× (s, v1, ...vN , u) 7→ (g2 · s, g
a1
1 v1, ..., g
aN
1 vN , g
−d
1 g2u) ∈ Q,
we can obtain the similar result for the hypersurfaceX in weighted projective stack bundle
PN−1S (a1, ..., aN ) := [S ×A
N \ 0/G1] over S defined by the section corresponding to a G1-
invariant section F ∈ Γ(ANS ,O(χd))
G1 .
(4) Of course, Orlov’s theorem in [Orl3] is much more general. It covers noncommutative
situations unlike our setting.
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